The equaliser of a set of homomorphisms S : F (a, b) → F (∆) has rank at most two if S contains an injective map, and is not finitely generated otherwise. This proves a strong form of Stallings' Equalizer Conjecture for the free group of rank two.
Introduction
The equaliser of two free group homomorphisms g, h : F (Σ) → F (∆) is the set of points where they agree, so Eq(g, h) := {x ∈ F (Σ) | g(x) = h(x)}. More generally, the equalizer of a set S : F (Σ) → F (∆) of homomorphisms is Eq(S) := ∩ g,h∈S Eq(g, h). If g or h is injective then Eq(g, h) has finite rank, rk(Eq(g, h)) < ∞, [14] and the following conjecture is usually attributed to This conjecture has its roots in "fixed subgroups" Fix(φ) of free group endomorphisms φ : F (Σ) → F (Σ) (set Σ = ∆, then Fix(φ) := Eq(φ, id)). Fixed subgroups have generated a lot of literature from the 1970s onwards [8] [18] [11] [30] [4] [9] . Indeed, the Equaliser Conjecture has been answered for fixed subgroups: Bestvina and Handel used Thurston's train-track maps to prove that rk(Fix(φ)) ≤ |Σ| for φ ∈ Aut(F (Σ)) [3] , and Imrich and Turner extended this bound to all endomorphisms [16] . Bergman further extended this bound to all sets of endomorphisms [2] .
Equalisers seem to be harder to understand than fixed subgroups, with only a few papers addressing them [12] [13] [14] [5] [22] . On the other hand, equalisers of free monoid homomorphisms have been studied in computer science for over 70 years, starting with the Post's proof that their triviality is undecidable [24] (this is Post's Correspondence Problem). Many other problems can be easily reduced to this classical problem, such as the mortality problem [23] and problems in formal language theory [15] . That such a fundamental problem is undecidable may be an underlying reason for the relative difficulty in understanding equalisers of free group homomorphisms compared to fixed subgroups, and indeed Post's Correspondence Problem for free groups has recently been discussed as an important open question [7, Problem 5.1.4] .
Our main result considers sets of homomorphisms, much like Bergman's result, and answers the Equaliser Conjecture for the free group of rank two. Here, "countable" means "finite or countably infinite".
Theorem A. Let S : F (a, b) → F (∆) be a countable set of homomorphisms, |S| ≥ 2.
(1) If S contains only injective maps then rk(Eq(S)) ≤ 2.
(2) If S contains both injective and non-injective maps then rk(Eq(S)) ≤ 1.
(3) If S contains no injective maps then Eq(S) is not finitely generated.
All the possibilities of Theorem A occur; see Example 4.1.
Inert subgroups. Parts (2) and (3) of Theorem A are easily dealt with; the difficulty lies in part (1) . To handle this part we use the following concept: A subgroup H of a free group F (Σ) is inert if for all K ≤ F (Σ) we have rk(H ∩ K) ≤ rk(K). Examples of inert subgroups include free factors, and more generally fixed subgroups of sets of monomorphisms [6, Theorem IV.5.7] , and there are inert subgroups which are not fixed subgroups [25, Example 3.1]. Recent work on inert subgroups has focused on trying to algorithmically determine inertness by quantifying it [17] [26] as well as generalising the concept to other groups [31] .
Inertness is used to prove our results, and inertness is woven into this topic. In particular, consider the following conjecture.
is a countable set of homomorphisms containing at least one injective map then Eq(S) is inert.
Clearly Conjecture 2 implies the Equaliser Conjecture, because we may view Eq(g, h) as Eq(g, h) ∩ F (Σ) so by inertness rk(Eq(g, h)) ≤ |Σ|. On the other hand, we prove in Appendix A that the conjectures are in fact equivalent (Ventura implies this is so [30, Conjecture 8.3] ). It is worthwhile emphasising that if Conjecture 2 holds for all maps then the Equaliser Conjecture holds as well for all maps, but that if one proves Conjecture 2 for some class C of maps then this does not prove the Equaliser Conjecture for C.
The main thrust of this paper is the proof of the following general result on inert subgroups, where part (1) addresses Conjecture 1 (the Equaliser Conjecture) and part (2) addresses Conjecture 2. The condition of the images im(g) and im(h) being inert subgroups of im(g) ∪ im(h) allows the codomain F (∆) to be altered whilst preserving the result.
(1) If im(g) is an inert subgroup of im(g)∪im(h) then rk(Eq(g, h)) ≤ |Σ|.
(2) If both im(g) and im(h) are inert subgroups of im(g) ∪ im(h) then
This theorem is relevant to Theorem A as Tardos proved that two-generated subgroups of a free group are inert [29] (this is a special case of the Hanna Neumann inequality [10] [20] [21]).
Theorem B.
(2) may be genealised to sets of homomorphisms; we do this in Proposition 3.5.
Retracts. The proof of Theorem B is adaptable to other settings, and in particular we prove the analogous result for retracts. A subgroup H of F (∆) is a retract if there exists a surjection ρ : F (∆) ։ H such that ρ acts as the identity on H. Retracts, like inert subgroups, are important in the theory of fixed subgroups, and in particular they played a key role in Bergman's result on sets of endomorphisms, mentioned above. Dicks and Ventura conjectured that every retract is inert (equivalently, every fixed subgroup is inert) [ Theorem C. Let g, h : F (Σ) → F (∆) be injective homomorphisms.
(1) If |Σ| ≤ 3 and im(g) is a retract of im(g) ∪ im(h) then rk(Eq(g, h)) ≤ |Σ|. (2) If both im(g) and im(h) are retracts of im(g) ∪ im(h) then rk(Eq(g, h)) ≤ |Σ|.
Inertly induced maps. A pair of homomorphisms g, h :
is inertly induced if the pair can be viewed as the restrictions of a pair of homomorphisms g ′ , h ′ : F (Σ ′ ) → F (∆ ′ ) such that im(g ′ ) and im(h ′ ) are inert subgroups of im(g ′ ) ∪ im(h ′ ) (here Σ ⊂ F (Σ ′ ) and ∆ ⊂ F (∆ ′ ); see Section 6 for the formal definition and an example). Our next result follows quickly from Theorem B, and answers the Equaliser Conjecture for inertly induced pairs.
Corollary D. Let g, h : F (Σ) → F (∆) be an inertly induced pair of homomorphisms. If g or h is injective then rk(Eq(g, h)) ≤ |Σ|.
Restricting to |Σ ′ | = 2 gives a stronger result: Define a set of maps S : F (Σ) → F (∆) to be F 2 -induced if the set can be viewed as the restrictions of a set of homomorphisms S ′ :
If S contains an injection then rk(Eq(S)) ≤ |Σ|.
Outline of the paper. In Section 2 we introduce and study the "stable domain of g with h", SD(g, h), which is a device for studying the equaliser of two homomorphisms and which generalises the stable image of a free group endomorphism. In Section 3 we prove Theorem B, regarding inertness. In Section 4 we prove our main result, Theorem A. In Section 5 we prove Theorem C, regarding retracts. In Section 6 we prove Corollaries D and E, on intertlyinduced pairs. Section 7 is a brief discussion on stable domains. Appendix A proves that Conjectures 1 and 2 are equivalent.
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Equalisers as fixed subgroups
In this section we view equalisers as fixed subgroups, as explained below. This view may alter the rank of the ambiant free group, but crucially the rank is preserved under the assumptions of Theorems B and C, and for the free group of rank two.
We begin with a lemma which, under very specific conditions, allows us to view equalisers as fixed subgroups. If g, h : F (Σ) → F (∆) are homomorphisms with h injective and im(g) ≤ im(h) then we may define:
Here we can apply h −1 to g(x) as im(g) ≤ im(h), and the map ψ (g,h) is a function as h is injective.
The goal of this section is to take two maps and restrict their domain in such a way that we may apply Lemma 2.1 to understand their equaliser.
Imrich and Turner used this gadget to prove that rk(Fix(φ)) ≤ rk(F ) [16] . We now generalise this construction to equalisers.
Let g, h :
The name "stable domain" is because we can use the restrictions g| SD(g,h) and h| SD(g,h) to understand Eq(g, h) (see Lemma 2.5). By taking Σ = ∆ and g to be the identity map, we see that the stable image is a special case of the stable domain.
We start by characterising stable domains. The proof of the lemma uses an inductive argument, and the same basic argument is used in many of our proofs below. In the following we mean maximal with respect to inclusion.
Proof. We first prove that g(SD(g, h)) ≤ h(SD(g, h)). So, let x ∈ SD(g, h). Then x ∈ H i for all i ≥ 0. Hence, for all j ≥ 1 there exists some y j ∈ g(H j ) ∩ h(H j ) such that x ∈ g −1 (y j ). Then g(x) = y j ∈ h(H j ), and so g(x) ∈ h(H j ) for all j ≥ 0. Hence, g(x) ∈ ∩h(H j ). By injectivity of h, we have ∩h(H j ) = h(∩H j ) = h(SD(g, h)), and so g(x) ∈ h(SD(g, h)) as required.
For maximality, suppose K ≤ F (Σ) is such that g(K) ≤ h(K). Clearly
Hence, by induction K ≤ H i for all i ≥ 0, and so K ≤ ∩H i = SD(g, h) as required.
We now give two examples of stable domains. Our first example shows that SD(g, h) = SD(h, g) in general, even if both maps are injective. Later, in Proposition 7.1, we classify when SD(g, h) = SD(g, h) for g, h injective.
by Lemma 2.2, and similarly y ∈ SD(h, g). On the other hand, y ∈ SD(g, h) and x ∈ SD(h, g), as im(g) ∩ im(h) is a proper subgroup of both im(g) and im(h), and so neither stable domain is the whole of F (x, y). Hence, SD(g, h) = SD(h, g).
Later, in Theorem 2.7, we see that it is important to understand the rank of the stable domain SD(g, h) when h is injective. Unfortunately, as our next example shows, stable domains are not necessarily finitely generated under this restriction.
is trivial, and so the subgroup H 1 in the definition of the stable domain is ker(g). We then see inductively that H i = ker(g) for all i ≥ 0, and so SD(g, h) = ker(g). As ker(g) is a normal subgroup of infinite index in F (Σ), we have that SD(g, h) = ker(g) is not finitely generated.
Equalisers as fixed subgroups. We now explain how to use stable domains to view equalisers as fixed subgroups. Firstly, we can use the restrictions g| SD(g,h) and h| SD(g,h) to understand Eq(g, h).
If h is injective then we can define ψ (g| SD(g,h) ,h| SD(g,h) ) ∈ End(SD(g, h)) as in Lemma 2.1. Crucially, Eq(g, h) is the set of fixed points of this map.
Then the endomorphism φ (g,h) := ψ (g| SD(g,h) ,h| SD(g,h) ) ∈ End(SD(g, h)) satisfies Eq(g, h) = Fix(φ (g,h) ).
Proof. By Lemma 2.2, the maps g| SD(g,h) and h| SD(g,h) satisfy the conditions of Lemma 2.1, and so Eq(g| SD(g,h) , h| SD(g,h) ) = Fix(φ (g,h) ). The result then follows by Lemma 2.5.
Combining Lemma 2.6 with known results on fixed subgroups of free groups, we have the following.
. Then rk(Eq(g, h)) = rk(Fix(φ (g,h) )) ≤ rk(g(SD(g, h))) [16] , as required.
Suppose both g and h are injective. Recalling that φ (g,h) ∈ End (SD(g, h) ) is defined by x → h −1 (g(x)), as g is injective the map φ (g,h) is also injective. Hence, Fix(φ (g,h) ) is inert in g(SD(g, h)) [6] . The result follows as Eq(g, h) = Fix(φ), by Lemma 2.6.
In order to apply Theorem 2.7 to the Equaliser Conjecture we would need to show that if h is injective then the rank of SD(g, h) is bounded by |Σ|. By Example 2.4, this is not true in general.
Proof of Theorem B
In this section we prove Theorem B; we do this by using the assumed conditions regarding inertness to understand SD(g, h), and then applying Theorem 2.7. We also extend Theorem B.(2) to cover sets of homomorphisms, rather than just pairs.
We first record the following result, which we use frequently below. The result follows from an exercise in the book of Magnus, Karrass and Solitar [19, Problem 2.4.33 (p118)], and was applied by Imrich and Turner in order to prove that rk(Fix(φ)) ≤ |Σ| for all φ ∈ End(F (Σ)) [16] .
. be a nested sequence of free groups, and write K := ∩ ∞ i=0 K i . If there exists some n ∈ N such that rk(K i ) ≤ n for all i ≥ 0 then rk(K) ≤ n.
If g is injective then the subgroups H i from the definition of the stable domain, so where H 0 = F (Σ) and H i+1 = g −1 (g(H i ) ∩ h(H i )), form a nested sequence of free groups H 0 ≤ H 1 ≤ . . ., and so Proposition 3.1 is applicable. Our first lemma corresponds to Theorem B.(1).
is an inert subgroup of im(g) ∪im(h) then rk(Eq(g, h)) ≤ rk(SD(g, h)) ≤ |Σ|.
Proof. We first prove that for all i ≥ 0 we have g(H i+1 ) = im(g) ∩ h(H i ), with H i the subgroups in the definition of the stable domain. As im(g) = g(H 0 ), this holds for i = 0. If the result holds for i then we have the following, with the last line obtained as
Therefore, by induction we have that g(H i+1 ) = im(g) ∩ h(H i ). It then follows by induction, and applying the fact that g is injective and im(g) is inert, that rk(H i ) ≤ |Σ| for all i ≥ 0. As g is injective the sequence Suppose {A i } I is a countable set of inert subgroups, and let K be an arbitrary subgroup. We may suppose I = N, and so define B n := ∩ n i=0 A i . Then B n is inert, by the above. Now, the sequence
is nested, and by inertness each term has rank at most rk(K); it follows from Proposition 3.1 that rk (∩ ∞ i=0 (B i ∩ K)) ≤ rk(K). The result then follows as
The following lemma corresponds to Theorem B. (2) . The proof uses the easy fact that inertness is transitive: if we have a chain of subgroups A < B < C with A inert in B and B inert in C then A is inert in C. Proof. We shall write J g,h := im(g) ∪ im(h) . By Theorem 2.7.(b) and the transativity of inertia, it is sufficient to prove that SD(g, h) is inert in F (Σ). To do this we consider the subgroups H i from the definition of the stable domain. Note that H 0 = F (Σ) is inert in F (Σ). Suppose H i is inert in F (Σ). Then g(H i ) is inert in im(g) which is inert in J g,h , and so by transitivity we have that g(H i ) is inert in J g,h . Similarly, h(H i ) is inert in J g,h . Hence, by Lemma 3.3, g(H i ) ∩ h(H i ) is inert in J g,h and so is inert in im(g) ≤ J g,h . As g is injective its inverse g −1 : im(g) → F (Σ) is an isomorphism and so Proof. As Γ S is connected, Eq(S) is the intersection of those equalisers Eq(g, h) such that there is a edge connecting g and h. By Theorem B.(2), each such equaliser is inert, and so Eq(S) is inert by Lemma 3.3.
The free group of rank two
We are now able to prove Theorem A, which describes the rank of Eq(S) for S : F (a, b) → F (∆) a set of homomorphisms.
Proof of Theorem A. For part (1) , suppose every element of S is injective. Two-generated subgroups of free groups are inert, by the Hanna Neumann inequality, and so the conditions of Theorem B.(2) are satisfied for all g, h ∈ S. Therefore, for all g, h ∈ S we have that Eq(g, h) is inert in F (a, b), and so by Lemma 3.3 we have that Eq(S) is inert in F (a, b). Hence, rk(Eq(S)) ≤ 2 as required.
For part (2), suppose S contains both injective and non-injective maps. Let g ∈ S be injective, and note that Eq(S) = ∩ h∈S Eq(g, h). Let h ∈ S be non-injective. Then Eq(g, h) ≤ g −1 (im(g) ∩im(h)), while g −1 (im(g) ∩im(h)) is cyclic because im(h) is cyclic and because g is injective. Hence, rk (Eq(g, h) ) ≤ 1 and so as Eq(S) ≤ Eq(g, h) we have that rk(Eq(S)) ≤ 1 as required.
For part (3), suppose S does not contain an injection. Then Eq(S) is a normal subgroup of F (a, b): Consider x ∈ Eq(S) and let y ∈ F (a, b), then for all g ∈ S we have g(y −1 xy) = g(y −1 )g(x)g(y) = g(x), as im(g) is cyclic, and so y −1 xy ∈ Eq(S) as required. Therefore, Eq(S) is a normal subgroup of infinite index (finite index would imply Eq(S) = F (a, b), which is impossible as |S| ≥ 2), so is either trivial or not finitely generated. However, Eq(S) is non-trivial as [a, b] ∈ Eq(S) because [a, b] ∈ ker(g) for all g ∈ S, and the result follows.
We now give examples of sets of maps which show that Eq(S) can have any of the possible ranks in parts (1) and (2) ∈ Eq(g, h) so Eq(g, h) is non-abelian and hence has rank two.
We now take one injective and one non-injective map, as in part (2) of the theorem. If g(a) = x, g(b) = y and h(a) = y, h(b) = 1 then g is injective, h is non-injective and Eq(g, h) = 1. If g(a) = x, g(b) = y and h(a) = x, h(b) = 1 then g is injective, h is non-injective and Eq(g, h) = x .
Retracts
In this section we generalise the proof of Theorem B as far as we can, with a focus on retracts. In particular, we prove Theorem C. We start with an analogue of Lemma 3.2, which is only applicable to retracts.
Lemma 5.1. Let g, h : F (Σ) → F (∆) be injective homomorphisms. If |Σ| ≤ 3 and im(g) is a retract of im(g) ∪ im(h) then rk (Eq(g, h) ) ≤ rk (SD(g, h) ) ≤ |Σ|.
Proof. By the proof of Lemma 3.2, for all i ≥ 0 we have g(H i+1 ) = im(g) ∩ h(H i ), where the H i are the subgroups in the definition of the stable domain. Now, rk(H 0 ) = |Σ| ≤ 3, while if rk(H i ) ≤ 3 then as im(g) is a retract of im(g) ∪ im(h) we have that rk(im(g) ∩ h(H i )) ≤ 3 [27, Theorem B], that is, rk(g(H i+1 )) ≤ 3. As g is injective it follows that rk(H i+1 ) ≤ 3, and so by induction rk(H i ) ≤ 3 for all i ≥ 0. The injectivity of g also implies that the sequence
. is nested, and by the above each term has rank at most 3; it follows from Proposition 3.1 that rk(SD(g, h)) = rk (∩ ∞ i=0 H i ) ≤ 3. The bound on rk (Eq(g, h) ) then follows from Theorem 2.7.(a).
We now give a general lemma based on the proof of Lemma 3.4. If we take both classes of subgroups to be retracts then the hardest condition to verify is condition (d), which is a deep result of Bergman [2, Lemma 18].
Lemma 5.2. Let g, h : F (Σ) → F (∆) be injective homomorphisms, and let C Σ and C ∆ be classes of subgroups of F (Σ) and F (∆), respectively, such that:
Proof. Consider the subgroups H i in the definition of the stable domain. Note by (d) , and so H i+1 := g −1 (g(H i ) ∩ h(H i )) ∈ C Σ by (c). It follows by induction that H i ∈ C Σ for all i ≥ 0. As g is injective the sequence
is nested, and by (e) each term has rank at most |Σ|; it follows from Proposition 3.1 that rk(SD(g, h)) = rk (∩ ∞ i=0 H i ) ≤ |Σ|. The bound on rk (Eq(g, h) ) then follows from Theorem 2.7.(a).
We now prove Theorem C, which says that rk (Eq(g, h) ) ≤ |Σ| if either |Σ| ≤ 3 and im(g) is a retract of im(g) ∪ im(h) (part (1)), or both im(g) and im(h) are retracts of im(g) ∪ im(h) (part (2)). The proof uses two easy facts on chains of subgroups A < B < C. Firstly, transitivity of retracts: if we have A < B < C with A a retract of B and B a retract of C then A is a retract of C (compose the retraction maps). Secondly, if we have A < B < C with A a retract of C then A is a retract of B (restrict the retraction map to B).
Proof of Theorem C. Part (1) follows from Lemma 5.1. For part (2) , suppose that im(g) and im(h) are retracts of im(g) ∪ im(h) . It is sufficient to prove that if we take C Σ and C ∆ to be the retracts of F (Σ) and im(g) ∪ im(h) respectively then these satisfy the conditions of Lemma 5.2. So, conditions (a) and (e) of the lemma immediately hold, while (d) in known to hold [2, Lemma 18] . For condition (b), if A is a retract of F (Σ) then g(A) is a retract of im(g), and so, by transitivity, g(A) is a retract of im(g) ∪ im(h) . Similarly, h(A) is a retract of im(g) ∪ im(h) , so (b) holds. For condition (c), suppose A is a retract of im(g) ∪ im(h) and A ≤ im(g) ∩ im(h). Then we have A ≤ im(g) ≤ im(g) ∪ im(h) , and so A is a retract of im(g). As g is injective, we have that g −1 (A) is a retract of F (Σ), as required. The result follows.
Inertly induced maps
Recall from the introduction that pair of homomorphisms g, h : F (Σ) → F (∆) is inertly induced if the pair can be viewed as the restrictions of a pair of homomorphisms g ′ , h ′ : F (Σ ′ ) → F (∆ ′ ) such that im(g ′ ) and im(h ′ ) are inert subgroups of im(g ′ ) ∪ im(h ′ ) ; that is, if there exists embeddings ι : F (Σ) ֒→ F (Σ ′ ) and τ : F (∆) ֒→ F (∆ ′ ) and a pair of homomorphisms g ′ , h ′ : F (Σ ′ ) → F (∆ ′ ) such that g ′ (ι(x)) = τ (g(x)) and h ′ (ι(x)) = τ (h(x)) for all x ∈ F (Σ ′ ), and such that im(g ′ ) and im(h ′ ) are inert subgroups of im(g ′ ) ∪ im(h ′ ) . Example 6.1. The pair g, h : F {x, y, z} → F {a, b} defined by g : x → a 4 , y → a −1 b 2 a, z → aba and h :
Therefore, the pair g, h is F 2 -induced, and hence inertly induced.
We now prove Corollary D from the introduction.
Proof of Corollary D. We have that ι(Eq(g, h)) = ι(F (Σ)) ∩ Eq(g ′ , h ′ ). As Eq(g ′ , h ′ ) is inert, by Theorem B.(2), we have that rk(ι (Eq(g, h) )) ≤ rk(ι(F (Σ))). The result then follows as ι is injective.
We now prove Corollary E from the introduction.
Proof of Corollary E. We have that ι(Eq(S)) = ι(F (Σ)) ∩ Eq(S ′ ). As Eq(S ′ ) has rank at most two, by Theorem A, it is inert. Hence, rk(ι(Eq(S))) ≤ rk(ι(F (Σ))). The result then follows as ι is injective.
More on stable domains
The stable domain of a pair of maps played a central role in this article, and we include here a brief discussion about this object.
Symmetry. As we saw in Example 2.3, SD(g, h) = SD(h, g) in general, and so the stable domain is not a symmetric construction. We now characterise those injective maps for which SD(g, h) = SD(h, g). Recall the maps φ (g,h) ∈ End(SD(g, h)) and φ (h,g) ∈ End(SD(h, g)) from Lemma 2.6.
Then SD(g, h) = SD(h, g) if and only if φ (g,h) ∈ Aut(SD(g, h)) and φ (h,g) ∈ Aut(SD(h, g)).
Proof. Suppose SD(g, h) = SD(h, g). By Lemma 2.2, g(SD(g, h)) = h (SD(g, h) ) and so the monomorphism φ (g,h) : x → h −1 g(x) is surjective, and so is an automorphism. Symmetrically, φ (h,g) ∈ Aut(SD(h, g)) as required.
If φ (g,h) ∈ Aut(SD(g, h)) then h −1 (g(SD(g, h)) = SD(g, h). Therefore, g(SD(g, h)) = h(SD(g, h)) and so, by Lemma 2.2, we have that SD(g, h) ≤ SD(h, g). Symmetrically, if φ (h,g) ∈ Aut(SD(g, h)) then SD(h, g) ≤ SD(g, h). Hence, SD(g, h) = SD(h, g) as required.
Finite generation. By Theorem 2.7, it is important to understand the rank of the stable domain SD(g, h). Unfortunately, Example 2.4 showed that stable domains are not necessarily finitely generated. The key point used in Example 2.4 was the non-injectivity of the map g. We therefore have the following question. (a) Is SD(g, h) finitely generated? (b) If so, is rk(SD(g, h)) ≤ |Σ|?
By Theorem 2.7, if rk(SD(g, h)) ≤ |Σ| then rk(Eq(g, h)) ≤ |Σ|, which would resolve the Equaliser Conjecture for injective maps. In fact, this would also resolve Conjecture 2 for injective maps (see Appendix A).
Computing bases. Ventura asked if there exists an algorithm to compute a basis for the stable image of a free group endomorphism [7, Problem 4.6] . As stable domains generalise stable images, the following question generalises Ventura's question. Stallings asked if there exists an algorithm to compute a basis for Eq(g, h), g and h as in Question 7.3 [28, Problems P3 & 5] . A positive answer to Question 7.3 yields a positive answer to this question of Stallings: Firstly compute a basis for SD(g, h), and use this basis to describe the endomorphism φ (g,h) : SD(g, h) → SD(g, h). We can compute a basis for the stable image φ ∞ (g,h) of φ (g,h) (as stable images are themselves stable domains). As φ (g,h) acts as an automorphism on φ ∞ (g,h) , we can compute a basis for the corresponding fixed subgroup Fix(φ (g,h) | φ ∞ (g,h) ) [4] . This subgroup is precisely Fix(φ (g,h) ) [16] , which, by Lemma 2.6, is Eq(g, h) as required.
The above also allows one to compute a basis for Fix(φ), φ : F (Σ) → F (Σ) any endomorphism; the case of φ injective follows immediately from the above, while if φ is non-injective then there exists a constructable injective endomorphism φ ′ : F (Σ) → F (Σ) and an constructable isomorphism π : Fix(φ) → Fix(φ ′ ) [16] , and so a basis for Fix(φ) can be obtained by finding a basis for Fix(φ ′ ) and then reversing the isomorphism.
Appendix A. The equivalence of Conjectures 1 and 2
As we mentioned in the introduction, Ventura implied that the Equaliser Conjecture can be reformulated in terms of inertness, that is, Conjectures 1 and 2 are equivalent. We prove this equivalence now, starting with the following general proposition, where the Equaliser Conjecture corresponds to part (1) of the proposition and Conjecture 2 corresponds to part (2) .
We say that a class C of free group homomorphisms is closed under restrictions if for all maps g : F (Σ) → F (∆) and all finitely generated subgroups K ≤ F (Σ), the restriction map g| K : K → F (∆), viewing K as an abstract free group, is also contained in C. For example, the classes of all free group homomorphisms and of all injective free group homomorphisms are closed under restrictions.
Proposition A.1. Let C be a class of free group homomorphisms which is closed under restrictions. The following are equivalent.
(1) For all free groups F (Σ) and F (∆) and all homomorphisms g, h : F (Σ) → F (∆) in C with h injective, rk(Eq(g, h)) ≤ |Σ|.
(2) For all free groups F (Σ) and F (∆) and all countable sets of homomorphisms S : F (Σ) → F (∆) with S ⊂ C and containing at least one injective map, Eq(S) is an inert subgroup of F (Σ).
Proof. Clearly (2) implies (1), as Eq(g, h) = Eq(g, h) ∩ F (Σ) so by inertness rk(Eq(g, h)) ≤ rk(F (Σ)) ≤ |Σ|.
For (1) implies (2), assume (1) holds and consider a pair of homomorphisms g, h : F (Σ) → F (∆) with h injective, and let K be an arbitrary subgroup of F (Σ). Note that if K is not finitely generated then rk(Eq(g| K , h| K )) ≤ rk(K), while if K is finitely generated then the homomorphisms g| K , h| K : K → F (∆) satisfy part 1 of the proposition (as C is closed under restrictions), and so by assumption rk(Eq(g| K , h| K )) ≤ rk(K). Then Eq(g, h) ∩ K = Eq(g| K , h| K ) and so rk(Eq(g, h) ∩ K) = rk(Eq(g| K , h| K )) ≤ rk(K). Therefore, as K is arbitrary Eq(g, h) is inert for all such maps g and h. Now consider a set of homomorphisms S : F (Σ) → F (∆) containing at least one injective map, h say. Then Eq(S) = ∩ g∈S Eq(g, h), and as each Eq(g, h) is inert the result follows by Lemma 3.3.
As we noted above, the classes of all free group homomorphisms and of all injective free group homomorphisms are closed under restrictions. Therefore, the proposition has the following corollary. 
